We present the basic equations and relations for the relativistic static spherically symmetric stars (SSSS) in the model of minimal dilatonic gravity (MDG) which is locally equivalent to the f(R) theories of gravity and gives an alternative description of the effects of dark matter and dark energy. The results for the simplest form of the relativistic equation of state (EOS) of neutron matter are represented. Our approach overcomes the well-known difficulties of the physics of SSSS in the f(R) theories of gravity introducing two novel EOS for cosmological energy-pressure densities and dilaton energy-pressure densities, as well as proper boundary conditions.
I. INTRODUCTION
The MDG model was proposed and studied in [1, 2, 4, 6] . It describes a proper generalization of the Einstein general relativity (GR), being based on the following action of the gravi-dilaton sector
Without any relation with astrophysics and cosmology, it was studied by O'Hanlon, as early as in [1] . His goal was to justify the Fujii idea about the "fifth force". There the term "dilaton" for the field Φ was introduced. Hence, the name MDG appeared. It corresponds to the BranseDicke theory with the identically vanishing parameter ω. This property is also used as the name of the model in publications on the f (R) theories of gravity, see [7] [8] [9] [10] [11] [12] [13] and the huge amount of references therein. The f (R) theories are only locally equivalent to MDG [6] . In Eq. (I.1), κ = 8πG N /c 2 is the Einstein constant, G N is the Newton gravitational constant, Λ is the cosmological constant, and Φ ∈ (0, ∞) is the dilaton field. The values Φ must be positive since a change of the sign of Φ entails a change of the sign of the gravitational factor G N /Φ and leads to antigravity instead of gravity. Such a change is physically unacceptable. Besides, the value Φ = 0 must be excluded since it leads to an infinite gravitational factor and makes the Cauchy problem in MDG not well posed [14] . The value Φ = ∞ turns off the gravity and is also physically unacceptable.
The scalar field Φ is introduced to consider a variable gravitational factor G(Φ) = G N /Φ = G N g(Φ) instead of the gravitational constant G N . The cosmological potential U (Φ) is introduced to consider a variable cosmological factor ΛU (Φ) instead of the cosmological constant Λ. In GR with cosmological constant Λ we have Φ ≡ 1, g(Φ) ≡ 1, and U (1) ≡ 1. Due to its specific physical meaning, the field Φ has quite unusual properties.
The function U (Φ) defines the cosmological potential which must be a positive single valued function of the * fizev@phys.uni-sofia.bg and fizev@theor.jinr.ru dilaton field Φ by astrophysical reasons [24] . See [6] for all physical requirements on the cosmological potential U (Φ), necessary for a sound MDG model. There the class of withholding potentials was introduced. These confine dynamically the values of the dilaton Φ in the physical domain. It is hard to formulate such a property for the function f (R) in a simple intuitive way.
Some more physical and astrophysical consequences of MDG are described in [1] [2] [3] [4] [5] [6] 14] . There one can find a comparison of MDG with observations, observational restrictions on the mass of the dilaton m Φ , discussions of the MDG-cosmology, and some study of the structure of boson stars in MDG. This model provides an alternative explanation of the observed astrophysical effects without introduction of dark energy and dark matter.
According to the widespread opinion, the f(R) gravity does not admit the existence of stable star configurations and thus may be considered unrealistic outside cosmology, see for example [10] [11] [12] [13] 15] .
On the other hand, this conclusion seems to be hasty and misleading, since by representing f (R) = R + ∆f (R) with small perturbation ∆f (R) one obtains models of SSSS which deviate not very much from the corresponding GR models [16] [17] [18] .
The goal of the present article is to solve this problem in MDG and to give the simplest examples of physically consistent families of SSSS for an admissible cosmological potential U (Φ).
We explicitly show how the dilatonic field Φ changes the structure of the compact stars and creates a specific dilatonic sphere around them.
II. BASIC EQUATIONS AND BOUNDARY CONDITIONS FOR SSSS IN MDG
In units G N = c = 1 the field equations of MDG can be written in the form:
Here T β α is the standard energy-momentum tensor of the matter,X
, and the prime denotes differentiation with respect to the variable Φ. See for conventions and notation [6] . In the problems under consideration, the space-timeinterval is ds 2 = e ν(r) dt 2 − e λ(r) dr 2 − r 2 dΩ 2 [19] , where r is the luminosity distance to the center of symmetry, and dΩ 2 describes the space-interval on the unite sphere. Then, after some algebra one obtains the following basic results for a SSSS of the luminosity radius r * . In the inner domain r ∈ [0, r * ] the SSSS structure is determined by the system:
The four unknown functions are m(r), Φ(r), p Φ (r), and
In addition, we obtain two novel EOS, which are specific for MDG: Equation (II.3c) presents the usual EOS of star matter (MEOS), see [20] for a modern detailed survey.
Adopting the widespread assumption that the SSSScenter C (⇒ index "c") is at r c = 0 we obtain the boundary conditions
Requiring m c = 0 we ensure finiteness of pressure p c simultaneously for the Newton-, GR-and MDG-SSSS. The condition on p Φc (= − 2 3 ǫ Φc ) ensures its finiteness, being a specific MDG-centre-values-relation:
The SSSS-edge (⇒ index "*") is defined by the condition p * = p(r * ; p c , Φ c ) = 0 (and typically ǫ * = 0). Then
The luminosity radius of a compact star for different physically sound MEOS varies: r * ∼ 5 ÷ 20 km. Outside the star p ≡ 0 and ǫ ≡ 0, and we have a dilaton-sphere, in brief -a disphere. Its structure is determined by the shortened system (II.2): Eq. (II.2d) has to be omitted. For the exterior domain r ∈ [r * , r U ] we use Eqs. (II.5) as left boundary conditions. The right boundary is defined by the cosmological horizon r U : ∆(r U ; p c , Φ c ) = 0, where the de Sitter vacuum is reached: Φ(r U ; p c , Φ c ) = 1. Thus we obtain a new MDG-centrevalues-relation:
The two MEOS-dependent-relations
show that in MDG, as well as in the Newton gravity and GR, we have a one-parameter-family of SSSS. The observable value Λ ≈ 1.27 × 10 −44 km −2 is very small. As a result, the luminosity radius of the Universe r U ∼ 1/ √ Λ ∼ 10 22 km is very large in comparison with the luminosity radius of the compact star r * ∼ 10 km. Further on, we use the cosmological potential U (Φ) = Φ 2 + 
III. A SIMPLE EOS FOR NEUTRON MATTER
We do not present here a realistic model of a neutron star. The most idealized relativistic MEOS of neutron matter is the well-known one used in the Tolman-Oppenheimer-Volkov (TOV) model [21] : ǫ = 1 4π x (sinh t − t), p = 1 12π (sinh t − 8 sinh(t/2) + 3t). It describes the ideal Fermi neutron gas at zero temperature (IFNG0T) and is free from the difficulties related with unknown properties of neutron matter. This facilitates our study of the new pure-MDG-effects in SSSS, shown in Figs. 1-11 . Note that we plot in Figs. 5 and 9 the functions 2 × ǫ Φ and p Φ . When applicable, we use different colors for star's interior, and for star's exterior. 
IV. COMMENTS AND CONCLUDING REMARKS
The interior structure of MDG-SSSS is shown in Fig.6 . It differs from the corresponding structure of GR-SSSS only quantitatively. As seen in Fig. 7 , MDG-SSSS are lighter and more compact than GR-SSSS.
Precisely as in GR, MDG-SSSS may be stable only until maximal mass is reached, see Figs. 6 and 7. As well as in GR, the full investigation of the stability problem of MDG-SSSS requires a study of their oscillations. The obvious similarity of Figs. 1 and 6 shows that both they follow the behaviour of the function m * (r * ), shown in Fig. 7 .
The most interesting novel result is shown in Fig. 3 : The mass of the disphere m disp (r) outside MDG-SSSS as a function of the luminosity radius r ∈ [r * , r U ]. As expected, it exponentially goes to a constant. The total mass of the object exceeds the mass of the very star. In our illustrative example the MDG-SSSS mass m * ≈ .5073 M ⊙ is close to the extremal one. We found the total mass of the disphere m disphere ≈ .1638 M ⊙ , i.e. ≈ 32 per cent of mass of the star. In the case of consideration, the total mass of the object m total ≈ 0.6710 M ⊙ is reached with good precision at the distance about several hundredths of star radii from the center. The total mass is quite close to the mass of GR-SSSS.
It will be quite interesting to work out a model of a moving and rotating star in MDG. In this case, one can expect not only an asymmetric configuration, but also the appearance of different centers of the star and its disphere, or even detachment of the parts of disphere. This seem to confirm a possible interpretation of the dilaton field Φ as a dark matter. For similar effects at cosmological scales see [22] .
The basic property of the MDG dilaton Φ is that it does not interact directly with matter [2, [4] [5] [6] . Such interaction is possible only in quantum field theory as a perturbation effect of the second order with respect to the small gravitational constant G N . Hence, the corresponding cross-sections will be extremely small in accordance with the latest observational data, see, for example, [23] and the references therein.
Figures 4 and 10 confirm our expectation that the Λ-term in action (I.1) yields variable positive ǫ Λ and variable negative pressure p Λ , inside, as well as outside MDG-SSSS. The changes of ǫ Λ (r) and p Λ (r) are slightly asymmetric in accord to CEOS (II.3a).
These results remain valid also in the f (R) theories of gravity, which correspond to withholding MDGpotentials [6] .
As a result of the above statements and the previous work on MDG a novel possibility arises: To look not only for realistic MEOS but also for a withholding cosmological potentials able to describe simultaneously the variety of cosmological, astrophysical and star phenomena.
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